Abstract. Recently the block-diagonalization of Dirac-operators was investigated from a mathematical point of view in the one-particle case [13] . We extend this result to the N -particle case. This leads to a perturbative realization of the Furry picture in the N -particle two-spinor space.
Introduction
The idea of block-diagonalizing the Dirac operator, i.e., decoupling electronic and positronic states in such a way that the upper components of a 4-spinor correspond to electronic and the lower components to positronic states, goes back to Foldy and Wouthuysen [4] . They succeeded in decoupling the free Dirac operator and also addressed the case with interaction in the non-relativistic limit. Unfortunately, their expansion does not converge (see Thaller [15, chapter 6] and references therein).
The reason is that the correct parameter for the expansion, in order to have convergence of the spectrum, is not the inverse velocity of light but the coupling constant of the external potential. A perturbative and iterative method to accomplish this is due to Douglas and Kroll [3] and was corrected by Jansen and Heß [5] . The method is very attractive for numerical calculations because the resulting Hamiltonians operate on two-spinors and has been successfully used for calculations in relativistic quantum chemistry in the last twenty years (see [1, 5, 7, 16, 11, 12] and references therein).
From a mathematical point of view, the one-particle case was investigated recently by Siedentop and Stockmeyer [14] (see also [13] ). They proved, under suitable conditions on the potential, that there exists a family U γ of unitary operators, analytic in the coupling constant γ, that exactly decouples electronic and positronic states. Moreover, it was shown that the block-diagonalized Dirac operator developed in power series in γ coincides, at least formally in the first orders, with the operators resulting from the method of Douglas, Kroll and Heß. Moreover, they proved that the spectra of the truncated expansions converge to the spectra of the original operator.
The aim of this work is to extend their results to the N -particle Coulomb-Dirac Hamiltonian. We consider the N -particle Coulomb-Dirac operator in the Furry picture, i.e., the operator restricted to the positive spectral subspaces of each one particle operator. Using simple generalizations of the methods used in [14] we prove norm resolvent convergence of the operators resulting from the power expansion of the projected Hamiltonian in powers of the coupling constant. For convenience for the reader, we give in section 5 the main definitions and results of [14] , as far as we need them.
Definition of the problem and notation
The N-particle Hilbert space is denoted by
where
). An extension of a closable operator A on H with domain D to H (N ) acting on the j-th component is written as
and the n-fold tensor product as
If A is essentially self-adjoint on D, then all of the above operators are essentially self-adjoint on N j=1 D (see [9] , chapter VIII.10). For technical reasons, we will need the operator D 0 := N j=1 |D 0 | j , where D 0 is the free Dirac operator. The Coulomb-Dirac operator is given formally by
where, using units = c = 1, Z is the atomic number of the nucleus, γ = Zα 2 is the coupling constant of the one-particle potential, and α is the fine structure constant. D γ = D 0 + γV where D 0 is the free Dirac operator, V = −1/| · | is the Coulomb interaction with the nucleus, and W ij is the interaction between the particle i and j, which is defined by
It is well known that the operator in (1) (without the electron-electron interaction W γ ) has the whole real axis as its spectrum.
We consider instead of (1) the Coulomb-Dirac operator in the Furry picture, that is we restrict (1) onto the positive spectral subspaces of each one-particle operator D γ . The Hilbert space is given by
We are interested in
CD P γ + in particular, in its realization in the N particle two-spinor space. We recall the definition and properties of the unitary transformation U γ given in [14] (see equation (22) below) and consider its N -particle version
(4) This operator has the property U γ P γ + U −1 γ = P 0 + . Moreover, the N -particle FoldyWouthuysen transformation U FW fulfills U FW P 0 + = β + ⊗ · · · ⊗ β + U FW where β + := (1 + β)/2 is the projection onto the upper two-spinor. Therefore, the formal Hamiltonian in the Furry picture realized in the N -particle two-spinor space is given by
Our main result, Theorem 2 below, is that the spectra of the operators resulting from the expansion in γ of (5) converge to the spectrum of the Furry-operator given formally by P
Main result
The one-particle Dirac operator with Coulomb potential is given by
We define the operatorT γ :
without electron-electron interaction asT
with domain D(
. We denote the closure ofT γ by T γ and its form domain by Q(T γ ).
Define the quadratic form q(f, g) :
. We have the following:
There exists a unique self-adjoint operator
This self-adjoint extension is the Friedrich extension of the symmetric operator
Proof.
Step 1: Well-definedness of q. We have by Lemma 6
This inequality together with Lemma 1 implies the well-definedness of q.
Step 2: Definition of H γ,+ . We mimick the proof of the KLMN-theorem, using the notation of of Reed-Simon [10, Theorem X.17]. Pick f ∈ Q(T γ ). We start by proving that (f,
where we used Lemma 1 and equation (8) . Therefore,
The latter shows that the norms · +1,Tγ and · +1,q are equivalent. Thus q is a semi-bounded, closed quadratic form on Q(T γ ), which therefore defines a selfadjoint operator H γ,+ with form-domain Q(H γ,+ ) = Q(T γ ).
Step 3: Determination of the form domain. We have the following chain of inequatlities, where we used Lemma 6 in the second and Hardy's inequality in the third step:
Inequalities (11) imply that
N ) is complete with respect to the qua- 
Since obviously D(H
is the Friedrich extension of the symmetric operatorT γ + P
We now turn to the operator U γ := U γ ⊗ · · · ⊗ U γ which is a unitary mapping U γ : H 
as the operator H 
is a bounded operator (see proof of Lemma 3). Since U FW commutes with D 0 , we get
We denote byh 
The main result of this letter is: Theorem 2. There exists a γ c > 0 such that for 0 ≤ γ < γ c the operatorsh 
This is equivalent to
the last term goes to zero due to lemmas 2, 3 and 4 below. We used in the last step that U F W commutes with |D 0 | and therefore U F W with D 0 and any function of it.
Remark 1. The unitary transform U γ is not unique. If we take the choice given in [14] (22) in the appendix, we know that γ c ≥ 0, 3775 which corresponds to the critical atomic number Z = 52.
Auxiliary lemmas
The following bound is Kato's inequality.
where we used Kato's inequality. This inequality extends by continuity to f ∈ H 1/2 (R 3 N, C 
is bounded. To prove this, we take an arbitrary f ∈ N j=1 H 1 (R 3 ) 4 and note that
the claim follows by density of
According to Lemma 5, the operator
analytic in γ for |γ| < γ c , and so is [(
. . , N . In order to prove the claim it suffices to show the analyticity of each summand of H γ,+ . One-particle terms: The analyticity follows immediately from
The operator
is analytic by Lemma 5, and
is bounded by Lemma 1. Thus, writing
we have shown the analyticity of the interaction term.
Since U FW commutes with D 0 the operator D
is also analytic and therefore has a convergent Taylor expansion with D
i . Note further that by Lemma 5 the oper-
is finite. Proof. Pick f ∈ P + (γ) H 1 (R 3 ) 4 ⊗N . Then using Lemma 6 and W γ ≥ 0 we get
5. The one-particle case Let us define the following operator 
holds.
